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Abstract. The closed 3-manifolds of constant positive curvature were 
classified long ago by Seifert and Threlfall. Using well-known informa- 
tion about the orthogonal group 0(4), we calculate their full isome- 
try groups Isom(M), determine which elliptic 3-manifolds admit Seifert 
fiberings that are invariant under all isometries, and verify that the in- 
clusion of Isom(Af) to Diff (A/) is a bijection on path components. 



Introduction 

A closed 3-manifold with a Riemannian metric of constant curvature 1 is 
called an elliptic 3-manifold. These were classified long ago by Seifert and 
Threlfall. Using well-known information about the group O (4) of isometries 
of S 3 , it is a routine task, albeit a laborious one, to calculate the isometry 
groups Isom(M) for all such M. This may be "folk" knowledge, indeed it is 



a logical continuation of the beautiful expositions in [IS] and [18]. But we 
are not aware of any explicit reference for this calculation, and we believe 
that details should appear in the literature. These comprise most of this 
paper, and the results are summarized in tables |2| and || below. 

A calculation of Isom(M) for lens spaces (the most difficult case) ap- 
pears in a paper by J. Kalliongis and A. Miller |10[| . The authors apply 
their calculation to describe all finite group actions by isometries on lens 
spaces. The methodology of that paper is rather different from ours. It 
exploits the genus- 1 Heegaard splittings of lens spaces to provide a concrete 
description of the isometries. In contrast, we use a very algebraic approach, 
which applies uniformly to all elliptic 3-manifolds, but does not furnish (at 
least, not without further examination) such a meaningful description. Also, 
considerable information about the isometries of lens spaces was obtained 
in @. 

After obtaining our explicit calculation of Isom(M), we use it to check 
that all except five of the elliptic 3-manifolds have Seifert fiberings preserved 
by isom(M), the connected component of the identity, and that all except 
six have Seifert fiberings preserved by the group Isom_|_(M) of orientation- 
preserving isometries. Making use of the calculations of the mapping class 
group 7To(Diff (M)) by various authors, we verify that the inclusion from 
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Isom(M) to the diffeomorphism group Diff(M) induces a bijection on path 
components. This is the "7To" part of the Generalized Smale Conjecture, 
which asserts that the inclusion from Isom(M) to Diff(M) is a homotopy 
equivalence for any elliptic 3-manifold. In fact, we show that there is always 
a subgroup of Isom(M) that is carried isomorphically to 7To(Diff (M)). The 
Generalized Smale Conjecture is known for S 3 ||, for all quaternionic and 
prism manifolds ^ |9], |TT[| , and for lens spaces L(4fc, 2k — 1) with k > 2 [11] 



We appreciate the receipt of a copy of [^] from one of its authors. Their 
correct calculation of Isom(M) for lens spaces revealed an error in an earlier 
version of our work. 

1. ISOMETRIES 

Let M be a closed 3-manifold with a Riemannian metric of constant 
positive curvature. By rescaling, we may assume that M is elliptic. There is 
a developing map from the universal cover of M to the standard 3-sphere S 3 , 
through which ttx(M) corresponds to a group G of isometries acting freely 
on S 3 . The full group of isometries of S 3 is the orthogonal group 0(4), 
but the Lefschetz fixed-point formula shows that every orientation-reversing 
homeomorphism of S 3 has a fixed point, so G must be a subgroup of S0(4). 
The finite subgroups of SO (4) that act freely on S 3 were determined by 
Hopf and Seifert-Threlfall |2^, ^l]], and reformulated using quaternions by 
Hattori ||. Among the references for this material are [^5[ (pp. 226-227), 
[3| (pp. 103-113), |§ (pp. 449-457), ||, and Q. The latter calculates 



the isometry groups of certain orbifold quotients of S 3 . 

When G is not cyclic, any two subgroups of SO (4) that are isomorphic to 
G and act freely are conjugate by an element of 0(4), so there is a unique 
isometry class of elliptic 3-manifold for each such G. For the cyclic case, the 
conjugacy classes correspond to the lens spaces L(m,q) with q < m/2. So 
the elliptic structure of S 3 /G is uniquely determined by its homeomorphism 
type, and in our calculation of Isom(M) we need only examine one manifold 
from each homeomorphism type. 

In the remainder of this section, we will give a complete calculation of 
Isom(M) for elliptic 3-manifolds. We first give some preliminary material 
on the quaternionic structure of S 3 , which facilitates explicit calculations in 



0(4), and on some subgroups of SO(4) which will arise. In section L2, we lay 



out the general method for calculating Isom(M). Section L3 gives the rather 
straightforward calculations of Isom(M) for M other than lens spaces. These 
are summarized in table [2|. The case of lens spaces is more complicated, and 



comprises section |1.4| . Its results are summarized in table |3|. In section |l.q , 
we observe that the group of path components of Isom(M) can be realized 
by a finite subgroup of Isom(M). 

1.1. Quaternions and orthogonal transformations. The 3-sphere has 
a rich algebraic structure as the group of unit quaternions. We begin by 
reviewing some facts about this structure that will be used in our later work. 
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The references [19] and [18| should suffice for all unsupported assertions 
given in this section. 

Fix coordinates on S 3 as {(zq,z±) \ Zi 6 C,zqZq + z\Z\ = 1}. Its group 
structure as the unit quaternions can then be given by writing points in 
the form z = z$ + z±j, where j 2 = —1 and jzi = ~z~lj. The real part $l(z) 
is di(zo), and the imaginary part $s(z) is $s(zq) + z\j. The inverse of z is 
%t{z) - Q(z) =Zo-Zij. 

The unique element of order 2 in S 3 is —1, and it generates the center 
of S 3 . The pure imaginary unit quaternions form the 2-sphere P C S 3 of 
vectors orthogonal to 1. 

Two elements of S 3 are conjugate if and only if they have the same real 
part. In particular, P is a single conjugacy class. It is exactly the set of 
elements of order 4. 

Each z ^ ±1 is contained in a unique connected 1-dimensional subgroup 
consisting of all elements of the form cos(#) + sin(^)3 i (z)/||3 i (2;)||, which is 
exactly the centralizer of z. Any two such subgroups are conjugate. 

By S 1 we will denote the subgroup of points in S 3 with j = 0, that is, 
all zq € S 1 C C. Let = exp(27rz/A;), which generates a cyclic subgroup 
Ck C S . The elements S 1 U S 1 j form a subgroup 0(2)* C S 3 , which is 
exactly the normalizer of S 1 and of the Ck with k > 2. When k is odd, the 
quotient 0(2)*/Cfe is isomorphic to 0(2)*. When k is even, the quotient is 
isomorphic to the orthogonal group 0(2), which we may describe as S 1 US 1 jo 
where ft = 1 and j z = Zfijo for z G S 1 . 

The finite subgroups of S 3 are well-known: the binary icosahedral, octa- 
hedral, and tetrahedral groups I* 20 , 0|g, and T| 4 , the binary dihedral groups 
D\ m , m > 2, the finite quaternion group Qs, and the cyclic groups. One 
may treat Qs as a binary dihedral group D%, but we prefer to regard is as 
a separate family of subgroups since its normalizer is not just D\§. Two 
finite subgroups are conjugate if and only if they are isomorphic. Represen- 
tatives of each conjugacy class are given in table [l], along with presentations, 
explicit generators, and information about their normalizers N(G) and the 
quotients N(G)/G. In our notation, the subscript attached to the name of 
a finite group tells its order, except for S3, the symmetric group on three 
letters. 

The usual inner product on S 3 is given by z-w = ^(zw -1 ). Consequently, 
left multiplication and right multiplication by elements of S 3 are orthogo- 
nal transformations of S 3 , and there is a homomorphism F: S 3 x S 3 — > 
SO(4) defined by F{qi,q2)(q) = QiQQ^ 1 ■ It is surjective and has kernel 
{(1, 1), (— 1, — 1)}. The center of SO(4) has order 2, and is generated by 
F(l, —1), the antipodal map of 5 3 . 

We use the following notational convention. If Hi and Hi are groups, each 
containing —1 as a central involution, then the quotient {H\Y,H%)I{{— 1, —1)) 
will be denoted by H\ x H 2 . In particular, SO (4) itself is S 3 x S 3 , and 
contains the subgroups 0(2)* x S 3 , S 1 x S 3 , 0(2)* x 0(2)*, and S 1 x S 1 . 
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G 


Presentation 


Generators 


N(G) 


N(G)/G 


7* 


( x, y | x 2 = y 3 = (xy) 5 ) 


x = j, 

y=i + i^l-2cos(f)z 
+ cos(f)j 


7* 


{1} 




2 3 4 

( x, y \ x = y = (xy) } 


x = vf 1 + 7f J ' 


U i& 


I 1 ! 


1 24 


( x, y | x 2 = y 3 = (xy) 3 } 


a: = i, J/ = 75 6 + ^8.7 


(1* 


c 2 


D* 


( x,y | x 2 = y m = (xy) 2 } 


« = i, y = £,2m 


D* 


c 2 


Qs 


( x, y | x 2 = y 2 = (xy) 2 } 


x = j, y = i 




s 3 


C<ik-\ 


( t | t 2k ~ x = 1 } 


t = £,2k-l 


0(2)* 


0(2)* 


C2k 


( t | t 2k = 1 ) 


t = bk 


0(2)* 


0(2) 


c 2 


(t\t 2 = l) 


t = -1 


S 3 


S0(3) 



Table 1. Finite subgroups of S 3 (m > 2, k > 1) 



The latter is isomorphic to S 1 x S 1 , but as we will see, it is sometimes useful 
to distinguish between them. 

There are 2-fold covering homomorphisms 

0(2)* x 0(2)* -► 0(2)* x 0(2)* -> 0(2) x 0(2) -> 0(2) x 0(2) . 

Each of these groups is diffeomorphic to four disjoint copies of the torus. 
The first three are pairwise nonisomorphic. Indeed, they are distinguished 
by their conjugacy classes of involutions, having three, five, and eight respec- 
tively. The fourth group, 0(2) x 0(2), is isomorphic to 0(2)* x 0(2)*. An 
isomorphism from 0(2)* x 0(2)* to 0(2) x 0(2) is defined on generators 
by sending (x ,Xi) to (x ,xi) for x { £ S 1 , (j, 1) to (j ,i), and (1, j) to (i,j ). 

Similarly, there are 2-fold covering homomorphisms of the pairwise non- 
isomorphic groups 

S 1 x S 3 ^ S 1 x S 3 ^ S 1 x S0(3) , 

although the first two are diffeomorphic. 

By Dih(S' 1 x S 1 ) and Dih(S' 1 x S 1 ) we denote the semidirect products 
(S 1 x S 1 ) o C*2 and (S 1 x S 1 ) o C2, where C2 acts by complex conjugation in 
both factors. In fact, these groups are isomorphic, by sending ((zq,wq),x) 
to ((zqWq, Wq), x). Notice that S 1 x S 1 and the element F(j,j) generate a 
subgroup Dih(S' 1 x S 1 ) of index 2 in 0(2)* x 0(2)*. The element F(j,l) 
represents its nontrivial coset. 

1.2. Calculation of Isom(M). Since Isom(M) is a topological group, we 
may analyze it by determining isom(M), the connected component of the 
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identity map, calculating T(M), the group of path components 7ro(Isom(M)), 
and understanding the extension 

(*) 1 — ► isom(M) — ► Isom(M) — ► 1(M) — ► 1 . 

We will see that for elliptic 3-manifolds, this sequence always splits, so 
that Isom(M) is a semidirect product isom(M) o I(M). We use the no- 
tations Isom + (M) and Z+(M) to indicate the subgroups consisting of the 
orientation-preserving elements. 

As above, we regard M as the quotient S 3 /G where G is a finite sub- 
group of SO (4) acting freely on S 3 . Since SO (4) = Isom + (S' 3 ), Isom + (M) is 
the quotient Norm(G)/G, where Norm(G) is the normalizer of G in SO(4). 
Taking connected components of the identity, isom(M) is norm(G)/(G n 
norm(G)). 

Assuming that the group G is clear from the context, we denote the 
isometry that an element F(q\, q 2 ) of Norm(G) induces on S 3 /G by f(q±, q^)- 
By elementary covering space theory, the induced outer automorphism of 
fiSli-,12) on 7i"i (M) = G equals the outer automorphism that sends g to 
F(qi,Q2)gF(q 1 ,q 2 y 1 . 

To compute Isom + (M), put G* = F~ 1 (G), and let Gl and Gr be the 
projections of G* into the left and right factors of 5 3 x 5 3 . Since the kernel 
of F is central, we have Norm(G)/G = Norm(G*)/G* and norm(G)/(G n 
norm(G)) = norm(G*)/(G* nnorm(G*)). Since G* is discrete, norm(G*) 
equals cent(G*), the connected component of the identity in the centralizer 
of G*. But cent(G*) = cent(Gi) x cent(G#) = norm(Gi) x norm(G^), so 
norm(G*) = norm(GL) x norm(G^). We will see, however, that Norm(G*) 
is sometimes smaller than Norm(Gi) x Norm(G/j). It will, of course, consist 
of path components of Norm(Gi) x Norm(Gij), so to determine which path 
components lie in Norm(G*), we need only check one representative from 
each. 

1.3. The case when M is not a lens space. When we speak of lens 
spaces, we always include the cases of S" 3 = L(1,0) and MP 3 = L(2,l). 
For the remainder of this section, we assume that M is not a lens space. 
By 0] (pp. 188-190, 194), if M is an elliptic 3-manifold which is not a lens 
space, then M does not admit an orientation-reversing diffeomorphism (or 
even an orientation-reversing self-homotopy equivalence). So Isom(M) = 
Isom + (M). 

From |H ( sec also @), we have a complete list (up to conjugacy in 0(4) ) 
of the finite subgroups of SO (4) that act freely on S 3 . In this section we will 
examine the noncyclic cases. We will select our imbeddings of the G into 
SO (4) so that the Hopf fibering of S 3 is a maximally symmetric fibering, 
that is, so that the subgroup of Isom(M) that preserves it is as large as 
possible for any Seifert fibering on M (see section |2| for a discussion of the 
invariance of Seifert fiberings under Isom(M)). When determining quotient 
groups, it is useful to recall from |]l9| that whenever G is not cyclic, it must 
contain the antipodal map F(l, —1). 
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In Cases I-V, G* = G L x G R , so Norm(G*) = Norm(G L ) x Norm(G R ). 

Case I.G = Q 8 x C n , (2, n) = 1 

If n = 1, use G* = Q% x {1}, and if n > 1, use G* = C 2n x Qs- 

1. For n = 1, Norm(G*) 0| 8 x 5 s , isom(M) SO(3), and J(M) S 3 
generated by f(^+^j, 1) and /(^s+^&j, 1)- These act trivially 
on isom(M), so Isom(M) SO (3) x 53. 

2. For n > 1, Norm(G*) 0(2)* x 0| 8 , isom(M) £S S 1 , and J(M) = 
C 2 x 5 3 generated by f(j, 1), /(l, + j-j), and /(l, ^£ 8 + ^ 8 j). 
Since the second two generators act trivially on isom(M), Isom(M) = 
0(2) x S3. 

Case II. G = D\ m x C n , m > 2, (2m, n) = 1 

If n = 1, use G* = D| m x C2, and if n > 1, use G* = C 2n x D | m . 

1. For n = 1, Norm(G*) L>| m x S 3 , isom(M) S0(3), J(M) C 2 
generated by f(^4 m , 1), and Isom(M) = S0(3) x C 2 . 

2. For n > 1, Norm(G*) 0(2)* x D| m , isom(M) 5 1 , J(M) C 2 x C 2 
generated by f(j,l) and f(l,Um), and Isom(M) ^ 0(2) x C 2 . 

Case III G = T 2 * 4 x C n , n > 1, (6, n) = 1 
Use G* = G 2n x T 2 * 4 . 

1. If n = 1, then Norm(G*) S 3 x 0| 8 , isom(M) S0(3), J(M) = G 2 
generated by /(l, + ^j), and Isom(M) ^ SO (3) x G 2 . 

2. If n > 1, then Norm(G*) 0(2)* x C-| 8 , isom(M) 9* 5 1 , J(M) ^ C 2 x 
G 2 , generated by /(j, 1) and /(l, -^i+^j), and Isom(M) 0(2)xC 2 . 

Case IV. G = 0* 48 x C„, (6, n) = 1 
Use G* = C 2n x 0| 8 . 

1. If n = 1, then Norm(G*) ^ S 3 x 0| 8 , isom(M) = Isom(M) S0(3), 
and J(M) = {1}. 

2. If n > 1, then Norm(G*) 0(2)* x 0| 8 , isom(M) 5 1 , J(M) G 2 
generated by /(j, 1), and Isom(M) ^ 0(2). 

Case V.G = 7* 20 x G n , (30, n) = 1 
Use G* = G 2n x J* 20 . 

1. If n = 1, then Norm(G*) ^ S 3 x J* 20 , isom(M) = Isom(M) 9* S0(3), 
and X(M) {1}. 

2. If n > 1, then Norm(G*) 0(2)* x 0| 8 , isom(M) S 1 , T(M) G 2 
generated by f(j, 1), and Isom(M) = 0(2). 

In the remaining two cases, G* is a diagonal subgroup of Gl x Gr. Recall 
that H is a diagonal subgroup of a product H\ x H 2 when there are surjective 
homomorphisms fi : Hi — > A to an abelian group ^4 and H is the kernel 
of fi x / 2 : i?i x H 2 -» A. This implies that (#1 x H 2 )/ker(f 1 x f 2 ) = 
Hi/ker(fi) = H 2 /kei(f 2 ) = A. 
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Case VI. G* is a diagonal subgroup of index 2 in C^ n x D\ m , where m is 
odd and (m,n) = 1. 

We have Norm(G L ) x Norm(G R ) = 0(2)* x D* Sm and isom(M) = S 1 . 
Since m is odd, D\ m has a unique subgroup of index 2, and it follows that 
Norm(G*) = Norm(G L ) x Norm(G^) . Therefore isom(M) = S 1 , J(M) ^ 
C 2 x C 2 generated by f(j, 1) and /(l,£ 4m ), and Isom(M) ^ 0(2) x C 2 . 

Case VII. G* is a diagonal subgroup of index 3 in C§ n x T^, where n is odd 
and divisible by 3. 

We have Norm(G L ) x Norm(G/j) = 0(2)* x 0* m and isom(M) = S 1 . Since 
the abelianization of T| 4 is C3, there are exactly two homomorphisms fom T| 4 
onto C3. Conjugation by an element of 0| 8 — induces the nontrivial au- 
tomorphism of the abelianization. Similarly, there are two homomorphisms 
from C% n onto C3, and conjugation by j induces the nontrivial automor- 
phism on the quotient. It follows that there are two index 3 diagonal sub- 
groups in Gl x Gr, which are interchanged by (j, 1) and by (1, -^i + -^j), 

so Norm(G*) = S 1 x T 2 * 4 U (0(2)* - S 1 ) x (0| 8 - T 2 * 4 ), isom(M) = S 1 , 
1(M) ^ C 2 generated by f(j, -^i + -^j), and Isom(M) ^ 0(2). 

We note the following containments. 

(a) In all cases other than G = T£ 4 , 48 , and I* 20 , norm(G) C 0(2)* x S 3 . 

(b) In all cases except those in (a) and G = Qs, Norm(G) C 0(2)* x S 3 . 

Table || summarizes our calculations of Isom(M) for the cases other than 
lens spaces. 

1.4. Calculation of Isom(M) for lens spaces. For (m,q) = 1, the ele- 
ment F{^2m '^2m) generates 7r 1 (L(m, q)). For we have 

We first collect some information on orientation-reversing isometries. 

Proposition 1.1. Let M be an elliptic 3 -manifold. Then M admits an 
orientation-reversing homeomorphism only if M is a lens space L(m,q) with 
q 2 = — 1 mod m. For the lens spaces with this property: 

1. The element T of 0(4) defined by T(z) = z -1 induces orientation- 
reversing isometries r on S 3 and on MP 3 , with r 2 = 1. 

2. The element R £ 0(4) defined by R(zq + z\j) = z{ + z$j induces an 
orientation-reversing isometry p on each L(m, q), with p 2 = f(j,j) and 
P 4 = l- 

Proof. By Q (pp. 188-190, 194), only the lens spaces L(m,q) with q 2 = 
— 1 mod m can admit orientation-reversing homeomorphisms. For M = S 3 
or MP 3 , r clearly has the required properties. For all cases with q = 
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G 


M 


Isom(Af) 


T(M) 


Qs 


quaternionic manifold 


SO(3) x S 3 




Qs x C n 


quaternionic manifold 


0(2) x S 3 


C 2 x S 3 


n* 

u Am 


prism manifold 


SO(3) x C 2 


c 2 


D\ m X C n 


prism manifold 


0(2) x C 2 


C 2 x C 2 


index 2 diagonal 


prism manifold 


0(2) x C 2 


C 2 x C 2 




tetrahedral manifold 


SO (3) x C 2 


c 2 


T24 X C n 


tetrahedral manifold 


0(2) x C 2 


C 2 xC 2 


index 3 diagonal 


tetrahedral manifold 


0(2) 


c 2 


oh 


octahedral manifold 


S0(3) 


{1} 


X C n 


octahedral manifold 


0(2) 


c 2 


T* 

J 120 


icosahedral manifold 


S0(3) 


{1} 


-^120 X O n 


icosahedral manifold 


0(2) 


c 2 



Table 2. Isometry groups of M = S 3 /G (m > 2, n > 1) 



— 1 mod m, we have 

RF{tll\ £2™) ir\*o + zij) = £- q z + uzd 

= Q q *o + sfz-u = F(e 2 +\e 2m r q (z + Zl j) . 

Therefore R normalizes iri(L(m,q)) and induces an orientation-reversing 
isometry p on L(m,q). The properties of p are immediate from the facts 
that R 2 = F(j,j) and R 4 = 1. □ 

The next result contains the key group-theoretic facts that determine the 
structure of Isom(L(m, q)). 

Proposition 1.2. Let C be the cyclic subgroup of order m in S 1 x S 1 gen- 
erated by F(^2m ! ^tm)' w here 1 < q < m — 1 and (m, q) = 1. 

1. The normalizer of C in 0(2)* x 0(2)* always contains Dih(S' 1 x S 1 ). 

2. C is normal in 0(2)* x 0(2)* ?/ and onZy if q 2 = 1 mod m. 

3. Mien C is norma/ in 0(2)* x 0(2)*, fte quotient 0(2)* X 0(2)*/C 
is isomorphic to the following groups: 

(a) 0(2) x 0(2) when (m, q + l)(m, <? — 1) = m. 

(b) 0(2) x 0(2) when (m, q + l)(m, 9 - 1) = 2m. 

In these cases are given equivalently as (a) m is odd or (g 2 — l)/m is 
odd, and (b) both m and (q 2 — l)/m are even. 
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Proof of Proposition l.L It is clear that F(j,j) normalizes C. To deter- 
mine normality of C in 0(2)* x 0(2)*, we need check only one other coset 
representative. We have 

F((j, lXa^fmX-i, 1))(*0 + Z!j) = ^Z + , 

so F(J, 1) normalizes C if and only if 



that is, if and only if q 2 = 1 mod m. This establishes the first two conclu- 
sions, so from now on we assume that C is normal. 

Let W be the subgroup of S 1 x S 1 generated by and let C* be 

the preimage of C in S 1 X S 1 , that is, the subgroup generated by (£fm > £lm ) 
and (-1,-1). Of course, 0(2)* x 0(2)*/C = (0(2)* x 0(2)*) /C*. We have 
(£fm !^fm ) m = (( — ( — so when g is odd, W is cyclic of order m, 
and C* =W x C 2 with the C 2 factor generated by (-1,-1). 

Put di = raj (m, q + 1) and d 2 = m/ (m, g — 1). When q is odd, (g+ 1, q — 
1) = 2, and since (q+T)(q—l) = mod m, (m,q+l)(m,q — 1) is either m or 
2m, and d\d 2 is either m or m/2. In particular, when m is odd, d\d 2 = m. 

Suppose first that m is odd. We may assume that q is odd. For suppose 
that q is even. Consider the element F(^^ q+ ,^,2^ q ~ ), which generates 
TTi(L(m,m — q)). We have 

m m q+ \^ q - 1 ) = n-h-i)F{^\^- x ) = FK&sgj; 1 )- 1 • 

Under the automorphism of 0(2)* x 0(2)* which interchanges the two co- 
ordinates, ^fm^im 1 ) -1 is carried to F^l^,^)- 1 . Consequently, the 
quotients of 0(2)* x 0(2)* by the subgroups generated by these two ele- 
ments are isomorphic. 



Following the notation of [13], for a subgroup H C A\ x A 2 we will 
denote by Hi the projections of H to Ai for i = 1, 2, and put if[ = {/ii G 
Hi | (/ii, 1) G #} and Hg = {h 2 G H 2 | (1, h 2 ) G Then, #/(#£ x fl£) 
H\/H 1 = H 2 /H 2 . 

Since g is odd, C* = W x C 2 where W is cyclic of order m generated by 
(£| m > £fm ) and ^ 2 ^ s g enera ted by (—1, —1). The order of Wi is 2m/ (2m, q+ 
1) = (ii and the order of W 2 is 2m/ (2m, q — l) = d 2 , so the order of W\ x W 2 
is eqd 2 = m, which shows that PF = Wi x W 2 — C<Zi x CcZ 2 - Since <ii and d 2 
are odd, the quotient of 0(2)* x 0(2)* by W is isomorphic to 0(2)* x 0(2)*. 
The image of (-1,-1) in the quotient is (-1,-1), so 0(2)* x 0(2)* /C = 
0(2)* x 0(2)* 9* 0(2) x 0(2), as in case (a). 

Now suppose that m is even. Since q is odd, W has order m and does 
not contain (—1,-1). Since W must contain an involution, C* contains 
the order 4 subgroup generated by (1,-1) and (—1,-1). The quotient of 
0(2)* x 0(2)* by this order 4 subgroup is 0(2) x 0(2), into which C* descends 
to a subgroup K of order m/2 generated by (^m^ 1 ,^™ )■ The order of K\ 
is raj (m, q + 1) = d\ and the order of K 2 is raj (m, q — 1) = d 2 . 
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If did 2 = m/2, then we must have K = K[ x K' 2 , and 0(2) x 0(2) /K = 
0(2) x 0(2), giving case (b). So assume that d\d 2 = m, so that the index 
of K[ in Ki is 2. The quotient of 0(2) x 0(2) by K[ x K' 2 is isomorphic to 
0(2) x 0(2). The image of K must be the subgroup generated by (—1, —1), 
since otherwise K would have equaled K[ x K 2 , and taking the quotient by 
this subgroup gives 0(2) x 0(2) as in (a). □ 

We now calculate Isom(M) for the lens spaces. 
Case I. m = 1 

For L(1,0) = S 3 , we have isom(5 3 ) = S0(4) and 1{S 3 ) = C 2 generated 
by r (from proposition |1.1[ ). Since t 2 = 1 and r F(qi, q 2 ) r = F(q 2 ,qi), 
Isom(S' 3 ) = 0(4) = S0(4) o C 2 where the C 2 acts by interchanging the 
factors of S0(4) = S 3 x S 3 . 

In the remaining cases, m > 2 and we may assume that 1 < q < m/2. We 
have Gl equal to the cyclic group generated by > so Gl has order 2 if 
and only 2m = 2(q + 1), that is, q = m — 1. Since q < m/2, this occurs only 
for L(2, 1). On the other hand, Gr has order 2 exactly when q = 1. 

Case II. m = 2 

For L(2, 1) = IP 3 , we have G L x G R = C 2 x C 2 , and Norm(G*) = S0(4), 
so isom(RP 3 ) ^ S0(3) x S0(3) and I(1P 3 ) ^ C 2 generated by r. So 
Isom(MP 3 ) ^ (S0(3) x S0(3)) oC 2 , where the action of C 2 interchanges the 
factors. 

Case III. m > 2 and 5 = 1. 

Since q 2 ^ — 1 mod m, there are no orientation-reversing isometries. If m 
is even, we have G* = Gl x C^ = C m x C 2 , so Isom(L(m, 1)) = (0(2)* x 
S 3 )/(C m x C 2 ) = 0(2) x S0(3). If m is odd, then G L = C 2m and G R = C 2 , 
and G* has index 2 in Gx x Gr. It is characteristic, being the elements of 
order less than 2m, so Norm(G*) = 0(2)* x S 3 . To find Norm(G*)/G*, we 
can first take the quotient by the subgroup generated by (£ m , 1), obtaining 
0(2)* xS 3 , then take the quotient of this by (-1, -1), obtaining 0(2)* x S 3 . 
In either case, l(L(m, 1)) = C 2 generated by f(j,j). 
Case IV. m > 2, 1 < q < m/2 and q 2 ^ ±1 mod m 

Since q 2 ^ — 1 mod m, there are no orientation-reversing isometries. By 
proposition |Pj Norm(G) = Dih(5 1 x S 1 ). It follows that Isom(L(m, g)) = 
Dih(5 1 x 5 1 ) = Dih(5 x x S 1 ), and l(L(m,q)) = G 2 generated by /(j, /). 
Case V. m > 2, 1 < g < m/2 and g 2 = —1 mod m 

By proposition |D| Norm(G) = Dih^ 1 X 5 1 ), so l + (L{m,q))^ = G 2 
generated by /(j, j). The isometry p from proposition |Ll"l acts on 6* 1 x S 1 by 
sending (20,^0) to (wq,~zq) and p 2 = f(j,j), so Isom(L(m, g)) = (S" 1 x S 1 )o 
G4 where the generator of G4 acts by sending (zq,wo) to (wo 5 ^o)- 
Case VI. m > 2, l<g<m/2 and g 2 = 1 mod m 

Since q 2 ^ — 1 mod m, there are no orientation-reversing isometries. Pro- 
position [L^ shows that Norm(G) = 0(2)* x 0(2)*, and gives the quotient 
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Table 3. Isometry groups of L(m,q) 



groups Isom(X(m, q)). In both cases, X(L(m,q)) = C2 X C2 is generated by 
/(U, -«), and /(i,ij). 

Note that in all cases other than M = 5 3 and M = IP 3 , Norm(G) C 
0(2) x 5 3 . Table |^ summarizes our calculations of Isom(M) for the lens 



spaces L(m,q). The final section of [1C] gives formulas for the number of 



instances of each case as a function of m. 

1.5. Realization by finite groups of isometries. We have seen that 
the extension (*) is always split. That is, the generators of Z{M) given in 



sections L3 and |1.4| actually generate a subgroup of Isom(M) which maps 



isomorphically to X{M). We state this as a "realization" theorem. 

Theorem 1.3. Let M be a an elliptic 3-manifold. Then there is a subgroup 
of Isom(M) which maps isomorphically to I(M) under the homomorphism 
Isom(M) -»■ J(M). 

One can check easily that when I{M) is nontrivial, the subgroup in the- 
orem 1.3 is never unique. In fact, there is always a family of realization 



subgroups of positive dimension. 

2. Seifert fiberings 

In this section, we will examine the extent to which elliptic 3-manifolds 
have Seifert fiberings invariant under their groups of isometries. In section |], 
we imbedded each fundamental group G into SO (4) in such a way that the 
Hopf fibering on S 3 induces a Seifert fibering on S 3 /G, which is maximally 
symmetric among the possible Seifert fiberings of S 3 /G. That is, the sub- 
group of Isom(M) that preserves this fibering (i. e. takes each fiber to a 
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fiber) is as large as possible. In almost cases, this fibering is preserved by 
all isometries. The precise statement is given in theorem 2.1 below. 

We begin by recalling and examining the Hopf fibration of S 3 , which will 
descend to the maximally symmetric fibration on S 3 /G. For the rest of 
this section, we regard the 2-sphere S 2 as CU{oo}. We speak of antipodal 
points and orthogonal transformations on S 2 by transferring them from the 
standard 2-sphere using the stereographic projection. In particular, the 
antipodal map is defined by a(z) = — 1/z. 

As is well-known, the Hopf fibering on S 3 is an S^-bundle structure with 
projection map H : S 3 — > S 2 defined by H{zq,z\) = Zq/z\. The fibers 
are the orbits of the left action of S 1 on S 3 . The element F(j,l) pre- 
serves these fibers and induces the antipodal map on S 2 . For we have 
j(zo + z\j) = -zT+zfi, so H(F(j,l)(z + z\j)) = -1/ Zq)z\. Since right 
multiplication by elements of S 3 commutes with the left action of S , it 
preserves the Hopf fibering, and there is an induced action of S 3 on S 2 . In 
fact, it acts orthogonally. For if we write x = xq + x\j and z = zq + z\j, we 
have F(l,x)(z) = zx~ l = zqx~q + zi~xi + (ziXo — ZoX\)j, so the induced action 



on S carries Zq/zi to (zqXq + zix\) / (z\Xo — Zqx\) = I I (zq/zi). 

The trace of this linear fractional transformation is real and lies between 
—2 and 2 (unless x = ±1, which acts as the identity on S 2 ), so it is elliptic. 
Its fixed points are ( (xq — xo) ± \J {xq — x~o) 2 — \x{x\ ) /(2xi), which are 
antipodal, so it is an orthogonal transformation. Combining these observa- 
tions, we see that the action induced on S 2 via H determines a surjective 
homomorphism h: 0(2)* x S 3 — > 0(3), given by h(xQ, 1) = 1 for xq € S , 

(~Xq X\ \ 
x x )' r ^^ 16 ^ erne ^ 

of his S 1 x{±l}^S 1 . 

Since the G constructed above all lie in 0(2)* x S 3 , they preserve the 
Hopf fibering on S 3 , which descends to a fibering on M that we call the 
Hopf fibering on M. Its quotient orbifold O is S 2 /h(G), the quotient of S 2 
by the action of h(G), and can easily be calculated using our descriptions of 
Isom(M). Since we have selected our fiberings to be maximally symmetric, 
the quotient orbifolds in the cases of G = Qs and G = D/± m are perhaps not 
the most "standard" ones. Table |4] lists the quotient orbifolds O for all cases. 
There, S 2 (ai, . . . ,a r ) denotes the orbifold with underlying topological space 
the 2-sphere S 2 and cone points of orders a\, . . . , a r , and (MP 2 ;) denotes 
IP 2 regarded as an orbifold. These orbifolds all carry metrics of constant 
positive curvature inherited from S 2 . Table |I| also gives d(0), the "degree of 
symmetry" , which is the maximal dimension for a compact Lie group acting 
effectively as orbifold diffeomorphisms on O. 

The complete sets of isomorphism classes of Seifert fiberings for elliptic 
3-manifolds are detailed in and the latter including corrections of 
a couple of minor errors in the former. The lens spaces have infinitely many 
fiberings, but for the other cases, the possible fiberings can be understood 
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Table 4. Quotient orbifolds for the Hopf flberings 



quite simply. Suppose that M is a quaternionic or prism manifold. In this 
case, there are two isomorphism classes of fiberings corresponding to the fact 
that G (as we have imbedded it in SO (4)) preserves both the Hopf fibering 
on S* 3 and the mirror Hopf fibering, which is the image of the standard Hopf 
fibering on S 3 under the involution of taking the quaternionic inverse (its 
fibers are the orbits of the action of S 1 by right multiplication). Depending 
on the imbedding of G, one of the Hopf or mirror Hopf fiberings on M has a 
quotient orbifold with underlying topological space MP 2 , and the other has 
quotient orbifold (5 2 ;2,2,2) or (S 2 ; 2, 2, m). Finally, when M is a tetrahe- 
dral, octahedral, or icosahedral manifold, the mirror Hopf fibering of S 3 is 
not invariant, and the unique fibering on M is the Hopf fibering. The extent 
to which Isom(M) preserves the fiberings is detailed in the next result. 

Theorem 2.1. Let G be one of the subgroups of SO (4) acting freely on S s 
and let M = S^/G with the Hopf fibering. 

(a) The connected component of the identity isom(M) preserves the Hopf 
fibering in all cases except when G is one of {1}, Ci, T£ 4 , 0| 8; or 
I* 20 ■ For these exceptional manifolds, no Seifert fibering is preserved 
by isom(M). 

(b) The full orientation-preserving isometry group Isom + (M) preserves 
the Hopf fibering in all cases except those in (a), together with G = 
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Qs- For these exceptional manifolds, no Seifert fibering is preserved 
by Isom + (M). 

(c) No orientation-reversing isometry of any M can preserve a Seifert 
fibering. 

Proof. The fact that the isometries preserve the fiberings in the nonexcep- 
tional cases in (a) and (b) is immediate from fact that norm(G) or Norm(G) 
is contained in 0(2)* x S 3 , as remarked at the ends of section [E^ and |1.4| . 

For the exceptional cases in (a), the dimension of the group of isometries 
is 6 for the cases of 5 3 and MP 3 and is 3 for the other cases. Since the 
isometries act as a group of orbifold diffeomorphisms on the quotient orb- 
ifold, the dimension of a group of fiber-preserving isometries is at most 1 
more than the degree of symmetry of the quotient orbifold, the extra di- 
mension coming from the isometries that move fibers vertically. For S 3 and 
IP 3 this sum is 4, and for the other cases in (a) it is 1, so isom(M) cannot 
preserve the Hopf fibering. For S 3 and MP 3 , there are other fiberings, but 
none can be preserved by a group of dimension greater than 4, since the 
maximum degree of symmetry of a quotient orbifold is 3 (achieved by the 
Hopf fiberings). For the other three cases in (a), the fiberings are unique 
up to isomorphism and hence all fiberings have the same quotient orbifold, 
whose degree of symmetry is 0. Since isom(M) has dimension 3, it cannot 
preserve any fibering. 

For the additional quaternionic manifold in (b), some of the isometries 
f(q, 1) with q € 0| 8 — Qg do not preserve the Hopf fibering. In fact, 
Isom + (M) cannot preserve any Seifert fibering isomorphic to this one. For 
the fibering is nonsingular, with homotopy exact sequence 1 — > C4 — > 
7Ti(M) — > C2 — ► 1, where C4 is the subgroup of 7Ti(M) represented by 
the fiber. Since no cyclic subgroup of order 4 of Qs is invariant under all 
automorphisms induced by elements of Isom + (M), no such fibering can be 
invariant. The quotient orbifold for the other Seifert fibering on this mani- 
fold is (S 2 ; 2, 2, 2). Some isometries from each path component do preserve 
this fibering, but since d(S 2 ;2,2,2) = 0, these other fiberings cannot be 
preserved by all of Isom + (M) . 

Observation (c) is due to the fact that the Seifert fiberings on the M all 
have nonzero Euler class. Any fiber-preserving diffeomorphism must pre- 
serve the Euler class, but any orientation-reversing diffeomorphism must 
multiply it by —1, so there are no fiber-preserving orientation-reversing 
isometries. □ 

3. Mapping class groups 

Through the efforts of a number of authors, the mapping class groups of 
all elliptic 3-manifolds have been determined. Using these results, we will 
verify the "7To" part the Generalized Smale Conjecture, as discussed in the 
introduction. The statement is as follows, where 7i{M) to denote the (not 
necessarily orientation-preserving) mapping class group 7To(Diff (M)). 
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Theorem 3.1. Let M be an elliptic 3-manifold. Then the inclusion of 
Isom(M) into Diff(M) is a bijection on path components. That is, it in- 
duces an isomorphism from Z(M) to TL{M). 

Proof. For S 3 this was first proven by Cerf (see [§J]). For the remaining cases, 
we will rely on calculations of TC(M) due to several authors. We utilize the 
composite homomorphism <I> : I{M) — > TL{M) — » Out(G) which takes each 
isometry to the outer automorphism it induces on tti(M) = G. As noted in 
section |1.2| , elementary covering space theory shows that &(f(q\, 52)) is the 
outer automorphism induced on G by conjugation by F(qi,q2). 

In all cases except the tetrahedral and icosahedral manifolds, there are 
explicit published calculations of 7i(M) which show it to be abstractly iso- 
morphic to X(M). In these cases, it is sufficient to check that $ is injective. 

For lens spaces other than S 3 , Bonahon || gave a complete calculation 
of H(L(m,q)), obtaining groups isomorphic to the 2(L(m,q)) obtained in 
section [L4] (these were also calculated in @). In particular, W(1RP 3 ) = 
C2, and since T(MP 3 ) contains orientation-reversing elements, X(1RP 3 ) — > 
is an isomorphism. In all cases with m > 2, $ is injective. For if we 
regard our standard generator F^m >£fm ) °^ 7T i(.^( m ^ < l)) as i € (t | t m = 
1), we can check that f(j,j) sends t to t -1 , f(j, 1) sends t to t q , and p sends 
t to t q , an automorphism of order 4 in the cases when q 2 = — 1 mod m. In 
all cases <3? is injective. 

For the M that contain one-sided Klein bottles, the mapping class groups 
were calculated in Q and |16|] . These include all quaternionic and prism 
manifolds, and the lens spaces L(4k, 2k — 1). Again, the groups are isomor- 
phic to J(M). 

For the quaternionic manifolds, the abelianization Ab(Qs x C n ) is iso- 
morphic to (C2 x C<i) x C n . The S3 factors in the isometry groups act as 
GL(2, 2) on the C2 x C2 factor. When u / 1, the isometry f(j,l) acts as 
multiplication by —1 on the C n factor. Since n is odd, we have n > 2, so 
this is a nontrivial automorphism on Ab(G). It follows that <I> is injective 
for these cases. 

For the prism manifolds, note first that /(l,^4 m ) sends j to (,2mj, which 
is the nontrivial outer automorphism of D\ m . For the cases of T)\ m x C n , 
n is odd, and f(J, 1) induces multiplication by —1 on the C n factor, so $ is 
injective for these cases as well. When G is an index 2 diagonal subgroup in 
C^n x D\ m , the automorphism induced by the nontrivial element of I(M) 
multiplies by —1 in the C^ n factor, so is not inner. 

The mapping class groups of the octahedral manifolds were calculated 
in [p7|| , obtaining groups isomorphic to T(M). The only nontrivial element 
is f(j, 1), for the cases 0| 8 x C n . Since n > 2, this induces a nontrivial outer 
automorphism. 

For the remaining cases, we do not know an explicit calculation of TL{M). 
But as the authors of 0] note (and carry out for the case of G = Ij* 2 o> f° r 
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which S 3 /G is the Poincare sphere), the following result from their paper 
leads easily to one. 

Theorem 3.2 (Boileau-Otal). Let M be a tetrahedral or icosahedral man- 
ifold. Then any diffeomorphism of M is isotopic to a fiber-preserving dif- 
feomorphism. Consequently, any diffeomorphism which is homotopic to the 
identity is isotopic to the identity map. 

To utilize this theorem, we use the following lemma. 

Lemma 3.3. Let M be an elliptic 3-manifold S 3 /G with \G\ > 2. Sup- 
pose that f : M — > M is a diffeomorphism which induces the identity outer 
automorphism on 7Ti(M) = G. Then f is homotopic to the identity map. 

Proof. Triangulate M. We may assume that / is the identity on the 1- 
skeleton of M (first make it preserve the basepoint and induce the identity 
automorphism, then make it fix a maximal tree in the 1-skeleton M^ l \ 
then since / induces the identity automorphism we may deform it to be 
the identity on the remaining edges of AfW). Since ^(M) = {0}, we may 
further make / the identity on M^ 2 \ There is a subcomplex K of 
such that M is obtained by attaching a single 3-cell C to K along dC . 
The characteristic map of C and its composition with / agree on dC, so 
taking them as the maps on the top and bottom hemispheres defines a map 
g: S 3 -> M. Via the isomorphism H 3 (M,K;Z) =S H 3 (M;Z), the degree 
deg(/) equals 1 + deg(g). Since g factors through the universal covering 
S 3 -> M, deg(g) = k\G\ for some k. Since deg(/) = ±1 and \G\ > 2, it 
follows that g has degree and hence / is homotopic to the identity map. □ 



By the lemma, theorem 3.2 shows that 7i(M) — > Out(G) is injective. 

For the remaining cases, note that if n is relatively prime to the order of 
the finite group A, then Out (A x C n ) = Out(A) x Aut(C n ). In each of these 
cases, we will show that $ is injective and that all outer automorphisms of 
G that are realizable by diffeomorphisms lie in the image of from which 
it follows using the injectivity of H{M) -> Out(G) that 1(M) -> H(M) is 
an isomorphism. 

Suppose first that G = T^. The abelianization Ab(T24)* is C3, on which 
Educes the nontrivial automorphism. From |14| , Out(T| 4 ) 
is C2, so $ is an isomorphism. 

Suppose that G = T^ x C n with n > 1 (and hence n > 2 since n must be 



odd). By theorem 3^, every diffeomorphism is isotopic to one that preserves 
the fiber, so must induce multiplication by 1 or —1 on the C n factor which 
is represented by the fiber. So the image of Ti{M) — > Out(G) must be 
contained in C2 X Ou^T^) = Gi x C2, and carries T{M) isomorphically 
to this subgroup. 

Finally, suppose that G is an index 3 diagonal subgroup in C§ n x T 2 * 4 . As 
before, any diffeomorphism must induce multiplication by ±1 in the first 
factor. Multiplication by —1 only preserves the diagonal subgroup if we 
also apply the nontrivial outer automorphism to the elements of the second 
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factor. So the automorphisms realizable by diffeomorphisms lie in a C 2 
subgroup of Out(G), and <I> carries I(M) isomorphically to this subgroup. 

For G = IJ 20 , we have from Q that Out(J{ 20 ) = C 2 , but that the 
nontrivial element is not induced by any diffeomorphism or even homotopy 
equivalence of M. So (as calculated explicitly in [||), TC(M) = {1}, and we 
have seen that I{M) = {1} as well. For G = I* 20 x C n , the nontrivial element 
of Out(J* 20 ) cannot be in the image of Tt(M) — > Out(G), for if it could be 
realized by a diffeomorphism, then this would lift to a diffeomorphism of 
the covering corresponding to the subgroup I* 20 x {1} (this subgroup is 
characteristic since (30, n) = 1). The lift would induce the nontrivial outer 
automorphism, and we have already seen that this is impossible. So the 
only realizable outer automorphism is multiplication by —1 on C n , and <3? 
carries T(M) isomorphically to this subgroup. □ 



Combining theorem ^lj with theorem |L3j, we have a Nielsen realization 
theorem for elliptic 3-manifolds. 

Theorem 3.4. Let M be an elliptic 3-manifold. Then there is a subgroup 
o/Isom(M) that maps isomorphically to 7i{M) under the natural homomor- 
phism Isom(M) -> H(M). 
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